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Stochastic transcription initiation: Time dependent transcription rates
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Abstract

The noise in the central process such as transcription, replication and translation of the genomic DNA is very important since it can directly
affect the phenotypic and behavioral aspects of an organism as well as the entire cellular function. Here we develop a model on the transcription
process based on the assumption that the initiation of the transcription is a stochastic event and the transcription rates may be time dependent
random quantities. We derive the central measure properties i.e. mean and the variance, of the distribution of the transcription rates. Our results
show that the Fano factor which is a measure of deviation from the Poisson distribution associated with the fluctuations in the number of mRNA
molecules deviates from unity due to the randomness in the transcription rates. However when the RNA polymerase molecule searches for the
promoter sequences on the DNA lattice by random jumps, the Fano factor approaches the Poisson limit as the jump size associated with the RNA
polymerase increases. Since the jump size associated with dynamics of RNAP molecule is positively correlated with the degree of super coiling of
DNA, we argue that the super coiled or close-packed structure of DNA might have evolved to keep the noises at the transcriptional level in a

minimum.
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1. Introduction

Site specific interaction of a protein molecule with the DNA
lattice is the fundamental process in molecular biology especially
in the replication, transcription and the translation of the genomic
DNA. Here replication, transcription and translation of the
genomic DNA are the central processes of life (called as “central
dogma of life”) that finally results in the formation of structural
and functional building-blocks of the living cell including
various biochemical pathways and regulation networks [1].
Due to the microscopic nature of the living cell, the biochemical
process and pathways that are happening in vivo are prone to
fluctuations which play an important role in modulating various
phenotypic (e.g. organisms possessing similar genetic constitu-
tion still exhibit diverse phenotypic characteristics) and behav-
ioral aspects (e.g. circadian cycle) of an organism. Among the
effects of noises on various levels of cellular organization, the
effect of noise on the central process such as transcription,
translation and replication of the genomic DNA is very important
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since it can significantly affect the phenotypic appearance,
genetic constitution and genetic inheritance of the organism.
Here one should note that the noise at the transcriptional level is
critical since even a small fluctuation in the number of mRNA
molecules will be amplified to a large fluctuation in the number of
protein molecules at the post-translational level.

The strength of noise associated with the number of
particular molecule will be measured in terms of the Fano
factor [2—6] which is the ratio between the variance (either time
averaged or ensemble averaged) and the mean associated with
the number fluctuations. Detailed experimental studies show
that the Fano factor associated with the fluctuations in the
number of mRNA molecules of a single gene is linearly
correlated with the transcription rate as well as the mean number
of mRNA molecules. Similarly the Fano factor associated with
the corresponding protein molecules is linearly correlated with
the translation rate as well as the mean number of protein
molecules. Almost all the earlier works were mainly focused to
explain these facts [Refs. 7-23].

Though noises strongly influence different processes at
various cellular organizations of an organism, the living cells
are capable of developing the mechanisms to reduce such
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noises. Since the site specific interaction of protein molecule
with the DNA lattice is basic to all the cellular processes
including transcription and translation, the fluctuations in the
site-specific interaction of protein with the DNA lattice will
strongly influence almost all the cellular process, biochemical
pathways and networks. Therefore the noise reduction mechan-
isms those that are developed by the living organisms must be
implemented at the DNA—protein interaction levels itself. For
example, in case of transcription of the genomic DNA,
interaction of RNA polymerase (RNAP, a protein) with the
promoter sequences (specific site on the DNA lattice) is the
basic/initiating process that is prone to higher fluctuations since
the time taken by the RNAP molecule to locate the promoter
sequence is a random quantity. Therefore the transcription
initiation itself is a stochastic event which in turn is strongly
dependent on the initial position of the RNAP molecule on the
DNA lattice. In other words the transcription rate must be a time
dependent random quantity. However, recently we have shown
[17] that when the RNAP molecule searches for the promoter
sequence by random jumps with certain critical jump sizes (j, in
base-pairs) j=k. > 2N*/*where N is the size of the genome under
consideration, the target finding rate is almost independent on the
initial position of the RNAP molecule on the DNA lattice. Here
one should note that almost all the earlier works in stochastic
gene expression strictly assumed a constant transcription rate
which is somewhat an over simplification of the underlying
process. Moreover it was assumed [19] that under steady state
conditions, the Fano factor associated with the fluctuations in the
number of mRNA molecules approaches unity or approaches the
Poisson limit. However when the transcription rate is a time
dependent random quantity, the Fano factor associated with the
number of mMRNA molecules must be different from unity. In this
article we investigate the effects of randomness in the
transcription rates on the fluctuations in the number of mRNA
molecules and the corresponding Fano factor. Our studies show
that the fluctuations in the transcription rate as well as the
deviation of the Fano factor associated with the number of
mRNA molecules from unity can be significantly reduced when
the RNAP molecule searches for the promoter sequences on the
DNA lattice by random jumps with higher jump sizes.

2. Transcription initiation is a random event

Let us start with considering a stretch of linear DNA lattice
of N base-pairs in length containing a promoter, coding
sequence and a terminator of a single gene (this is the minimal
configuration of a simple house-keeping gene). We assume that
RNAP interacts with the promoter in two-steps viz. RNAP first
non-specifically binds to DNA which then performs one
dimensional random search for the promoter sequence under
non-specifically bound condition [24—26]. Let us assume that
the promoter is situated at the lattice position a such that
0<a<N where the set of lattice points {0,N} constitutes the
reflecting boundaries and the lattice point x=a is the only
absorbing boundary i.e. whenever RNAP hits the promoter site,
the transcription process initiates. Now let us assume that the
RNA-polymerase (RNAP) molecule was situated at the lattice
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Fig. 1. Variation in the sharpness of the distribution of initiation times of
transcription with the jump sizes. Distributions were computed from Eq. (2) with
the parameters a=100, k=1 and D = kq + D@+ 1). Here the summation in
Eq. (2) was carried out until »=5000.

position x=0 at time /=0 and currently performing a one
dimensional unbiased random jumps with a jump size of j base-
pairs (bps) along the DNA lattice to locate the promoter
sequence in order to initiate the transcription event which is then
followed by the synthesis of mRNA transcript from the DNA
template. When j=1 the probability of observing the RNA
polymerase at an arbitrary position x on the DNA lattice at time
t>0 is given as follows:

_(@n-1)2x2D

2 o0
P(x,10,0) = 72 e & tcos((Zn—l)g{). (1)
a‘= a

Eq. (1) is obtained by solving the one dimensional Fokker
Plank equation Qc‘)iP = J,P with the initial condition P(x,y|xo,
to)=P(x,0]0,0)=0(x), using Eigen function expansion method in
the interval 0<x<N where the set of lattice points {0,N}
constitutes the reflecting boundary and the lattice point x=a is
the probability sink or the absorbing boundary and D =
kU EDE D s the phenomenological one dimensional diffu-
sion coefficient [ 18] associated with the RNAP molecule where
7 is the jump size which is assumed to be unity in Eq. (1) and &4
is the maximum three dimensional diffusion controlled collision
rate. The jump size j can be positively correlated with the degree
of super coiling of the template DNA [Ref. 18] under
consideration. The time 7 taken by the RNA polymerase
molecule to find the promoter for the first time (the first passage
time) can be shown to be distributed as follows:

D &
@(T) = 222

_(2n-1)242D
)" @2n-1)e s T, (2)
1
The mean and the variance associated with the distribution @
(7) can be easily computed as follows:

my = /Ow Tw(T)dT = (T) = % (3)
T a4
vr = /0 T*@(T)dT-m2 = (T*)—(T)* = 3%. (4)
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From Egs. (2) and (4) we can conclude that the sharpness
of the distribution of the initiation times of the transcription
event can be significantly increased (see Fig. 1) by increasing
the jump size associated with the dynamics of RNAP on the
DNA lattice in the process of searching for the promoter
sequences.

3. Time independent transcription rates

Suppose if we denote the time taken by the transcription
machinery to generate a full mRNA transcript is 77 then the
average transcription rate y,; can be easily given as uy;=[my+
771" where my is defined in Eq. (3). Now the entire
transcriptional event an be described by the following
scheme.

m*]
RNAP -+ Promoter — Transcription — Initiation

1

- mRNA m Decay

Here we should note that the reaction scheme depicted above
is also called as a doubly stochastic Poisson point process. Such
doubly stochastic Poisson point process presented in this
reaction scheme have been shown to lead to Fano factors greater
than unity [6]. Now the birth—death master equation associated
with the probability P,,, of observing m number of mRNA
molecules at a given time # can be described by the following
differential difference equation with the initial condition
P 1,0 =1.

9 Pms = P11+ Vu(m + 1) Po1 = (1 + Y1) Py (5)

Here p is the average transcription rate and 7,," is the lifetime
associated with the mRNA molecule inside the cell.

Eq. (5) can be solved by the method of generating functions.
Now defining the generating function as G(s, 1) =Y, s" Py,
one can rewrite Eq. (5) as follows:

9:G = i (s—1)G + v,,(1-5)9,G. (6)

Eq. (6) is a first order partial equation which can be solved by
the methods of characteristics.

s

G(s,t) = F[(1=s)e "']ew (7)

Now using the initial condition for the generating function G
(5,0)=s"" we obtain the solution to Eq. (6) as follows:

Gls, 1) = [1-(1=s)e wr]mog {1, (8)

From the definition of generating function G(s,?) =
> m 8" P we obtain the probability distribution function P, ,

as follows:
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Noting the initial condition P,, ,0=1, at the limit — o we
recover the Poisson distribution of number of mRNA
molecules.

Uow [ 1"
Pp oo =—e w|— (10)
2wy,

Now the mean (m,) and the variance var{m,} associated with
the number of mRNA molecules at any time ¢ can be derived
directly from the generating function.

(m;) = lin} 9,G = mge "' + He (1—e ") (11)
var{m,} = (m?)—(m;)* = moe ' (1= ")

B (e (12)

Noting the limits lim, var{m,} = f;—k and lim,—

(m;) =% we obtain the steady state limit for the Fano
factor F?,,”’, = '[n' associated with the number of mRNA
molecules as follows:

Fo = tim YAy (13)
) 0 <m[>

Here the Fano factor is the measure of noises in the number
of mRNA molecules at any time. In our case, if the Fano factor
is close to unity we can say that the extent of noise/fluctuations
in the number of mRNA molecules is a minimum. Whereas
deviations of Fano factor from unity can be positively correlated
with the increasing noise strength.

4. Time dependent transcription rates

So far we have assumed that the transcription rate is a
constant quantity. However as we have seen in the earlier part
of this section that the initiation of transcription is in turn a
random quantity. Since the mean first passage time associated
with the initiation of transcription is distributed as Eq. (2), one
can write the transcription rate at any moment as ty;=[7+
771 '. In other words one can write the transcription rate as
k= +&4(t) where k, is the time dependent transcription rate
and &4(7) is the delta correlated Gaussian white noise with
(EuH))=0 and (ELHEW!))=Dyo(t—1t"). Since the variance
associated with distribution of the initiatipn times T'is vy = 2

24 3D?

one can easily conclude that Dy = o555 where o is the pro-

portionality constant. Now we can rewrite the master Eq. (5) as
follows:
atpm.,t = kth*l,t + Ym (m + 1)P111+1,t_(kt + 'Ymm)Pm.,t- (14)

Proceeding as in the previous case, we obtain the expression
for the generating function as follows:

9:G = ki(s—1)G + v,,(1-5)9,G. (15)
Solving Eq. (15) we obtain,

Gl 1) = F[(1-s)e W] Gmlils i gime s (16)
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Using the initial condition as G(s,0)=s"°, we obtain H}e
expression for the arbitrary function as F[(1—s)] = s"e w
Jo (v, Infe=1]=,'In(s—1))d. 1

Now defining the new variables as u = _—In|~|+;, t—1 =
(s—1)e¥ne¥n' and v=u—t, s'=1—(1—s)e ' and noting that
Yme 'me’du=dt, we obtain the solution for the generating
function as follows:

G(s, £)=[1—(1=s)e [0 g w1 g (1g)le ! [} amem dvf? & wemdu
(17)

Now defining I(s,¢) = (1—s)e ¥’ fg/ék(v)eym"dvfff)
Er(u)e¥n"du, Eq. (17) can be rewritten as,

G(S, t) — [1_(1_S)efymt]mo eis_',;(175)[1767%1/]“%/(5-’) ) (18)

Using the following relation,
s s
A (s,t) = (1=s)e ™9 [/ fk(v)e“’"’vdvf/ fk(u)ey"’”du}
0 0
—eﬂ""’/ E(v)ertdy +/ Ee(u)er du.
0 0

The probability distribution P, , associated with the number
of mRNA molecules at any time # can be given as,

7“—"[17(2’“""’] m

P _ € wm mOC Y1t 1— Ym0
mt = n€ [1=e ]
n=0

A amem] szl 09)

m!

However it is very difficult to proceed further since there are
still random terms in Eq. (19). Therefore, we can try to solve
the Fokker Plank analogue of Eq. (15). Before proceeding
further, we first derive the conditions of validity of Fokker
Plank approximation to the master Eq. (5). The Fokker Plank
equation (FPE) associated with master Eq. (5) can be written as
follows:

k+y,m
0Py = =0 m|(k=y,ym)Pui] + 92 {% P,,,J} (20)

The approximate stochastic differential associated with FPE
Eq. (20) can be calculated to be as,

O (k) + VEF (1), e1)

Unfortunately Eqs. (20) and (21) are somewhat compli-
cated differential equations whose analytical solutions
cannot be obtained in a closed form. However, we can
try the following approximation for the non-linear differen-
tial Eq. (21).

S (hgum) + /D0 22)

Where the constant D,, is defined such that {(n(®)n(¥')’=
D,o(t—1t) ie. (n@On))=6(t—t"), where n(r) is the delta

correlated Gaussian white noise with (57(£))=0. Now the
FPE corresponding to Eq. (22) can be written as follows:

3P = = (k=Y,ym) Py + D02 Py . (23)

Eq. (23) can be solved by Fourier transform methods. Now
defining the Fourier transform of P, , as pw = f_:o
Py.e ™™dm, Eq. (23) can be written as,

B,PW,, = *Dm(wz + iukw)lsw,,*'ymwé’wﬁw,,. (24)

Solving Eq. (24) with the initial condition as 15W,0:e
which is simply P, = f_t:o Py oe ™ Mdm = f_:o d(m—
mo)e ™"dm and by performing the inverse Fourier transform
one can obtain the probability distribution function P,,, as
follows:

—iwmy

1/2 [mwzge “/m’f%(lfe Vm’)]z
Pm = - m _______ _p 20 (2y,) ! (1=e2¥m) . (25)
) —
7D, (1—e 2l)

Here one should note that Eq. (25) is simply the Gaussian
approximation of the Poisson type distribution given by Eq. (9)
and therefore Eq. (22) can be used as an approximation for the
original master Eq. (5). Fig. 2 shows the time evolution of
distribution function given by Eq. (25) and Fig. 3 shows the
equivalence of the distribution functions given by Egs. (9) and
(25) at t— 0. Noting that P, o=d(m —my), the limit at — oo can
be obtained as,

12 ]
Py = #e 2D (2y) " (26)
m

Now the mean and the variance associated with the
number of mRNA molecules at any time ¢ can be directly

Fig. 2. Time evolution of the probability distribution P,, ,=P(m,t) associated
with the number of mRNA molecules with time where Eq. (25) was used to
compute distributions at different times. Here the parameters are P, ,0=0d(m—
myg), moy=100, ,,=0.01, u;=1.6 and D,,=1. The distributions were computed
with initial time #/=0.05 and the final time =2 with the increments of A7=0.05.
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Fig. 3. Equivalence of the distributions given by Egs. (9) and (25) at — 0. Here
the parameters are mo=100, y,,=0.01, 1;,=1.6 and D,,=1. The distributions
were computed at the time 7=2.

obtained by integrating the stochastic differential Eq. (22) as
follows:

= moe o4 [ e @)
And subsequently by averaging m, over time we obtain,

(my) = moe " + He (1—e M) (28)

var{me} = ()~ (m)? = 2 (1-¢7>7) (29)

By comparing Egs. (12) and (29) we obtain the conditions of
the validity of the stochastic differential Eq. (22) at r— as
follows:

D _ 1

=k 30
ZVnz ’Ym ( )

This implies that D,,=2u,. With this background, now the
stochastic differential equation corresponding to the master Eq.
(14) can be written as,

Oy = k4 (1) 61)
dr

where the time dependent transcription rate is defined as k=, +
E#) with (E(r))=0 and (Ek(t)ﬁk(t ) =Dy5(t—t"). Here we
should note that Dy = ocwz, where o is the proportionality
constant. Using Kramers—Moyal expansion, the FPE corres-

ponding to Eq. (31) can be written as,

3Pt = =0 (14=Ypm)Pors + (Dpp + Di) 93, Py (32)

By solving Eq. (32) using Fourier transform method, we
obtain the expression for the probability distribution function
P, in the presence of fluctuating transcription rate as follows:

2
. I -

1/2 _[mﬂnoe Vm‘fﬁ(lw Vm/)]
m e 2Dm+Dp)2vp) (1-e Hml)

Pm,t = =
/7D & Do) (1—¢ 1)

(33)

From Eq. (33) we obtain the limit at t— o as,

12 G
P, . = m e 20m+D)@wm) "
™ (Dm + Dk)
Now the mean and the variance associated with the number
of mRNA molecules can be given as follows:

(34)

(my) = mpe W' + L& (17wt (35)
D, +D _
var{m} = () =(m)? = 152K (1 ), (36)

Here one should note that though the mean value associated
with the number of mRNA molecules at any time 7 i.e. m, is not
much affected by the fluctuations in the transcription rate i, the
variance associated with m, increases with the strength of
fluctuations. Noting the definition of D; = W where j
is the jump size associated with the dynamics of RNAP
molecule on the DNA lattice in the process of searching for the
promoter sequences, and noting the condition D,, =2y, the
Fano factor associated with the fluctuations in the number of
mRNA molecules under steady state condition as #— oo can be
written as follows:

120a*

kap[G+ D2+ D
(37)

Dm+Dk'Y_m_ Dk

Fopo= = _
" A 2

Eq. (37) clearly states that the fluctuations in the transcrip-
tion rate indeed strongly influence the Fano factor associated
with the fluctuations in the number of mRNA molecules.
However, when RNAP molecule search for the promoter
sequences by random jumps with higher jump sizes, we can
easily conclude from Eq. (37) that,

120a*
lim F,, ., = lim xa =1

Jme Joe kéuk[(i+ D+ 1P

That is to say, we recover the Poisson limit given by Eq. (13)
at j—oo. However the limit j—oo is meaningless in real
situations since RNAP cannot make such infinite jumps and
also it is violating our two-step assumption i.c. the RNAP that is
non-specifically bound to the DNA lattice cannot make large
jumps with jump size j> N without getting dissociated from the
DNA lattice. Moreover, recently we have shown [17] that when
the jump size j is close to or beyond certain critical values
j>k,~2N*? where N is the size of the genome under
consideration, the mean and the variance associated with the
distribution of the transcrlptlon initiation times _i.e. @(7)
modifies as lim;s; (7) =~ and limjsy, var{T} = 2— There-
fore under the condltlon that Jj>ke~2N*"3, the expressmn for
D, modifies to Dy = 24V g-om which we obtam the expression
for the modified Fano factor under the critical jump limit
j>k,~2N*"3 as follows:

(38)

120N?
,ukkﬁ '

limF, . =1+ (39)
]>kC
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5. Discussion

Under the condition that j>k. ~2N>"? Eq. (39) clearly states
that the Fano factor associated with the fluctuations in the
number of mRNA molecules is inversely proportional to the
transcription rate and directly proportional to the mean value of
transcription initiation time mz Since the jump size associated
with dynamics of RNAP molecule on the DNA lattice is
positively correlated with the degree of super coiling of the
DNA under consideration, our results indirectly imply that the
super coiling of DNA is the main factor that controls the noise
level especially at the transcriptional level and we argue that the
super coiled or close-packed structure of DNA might have
evolved to keep the noises at the transcriptional level minimum
apart from the advantage of getting packed into the cellular
compartments. Moreover Eq. (39) clearly states that under the
critical jump limit j>k, ~2N?'? the deviation of the Fano factor
associated with the fluctuations in the number of mRNA
molecules from the Poisson limit will be significant only when
the genome size under consideration is much larger. For
example, in case of E. coli the size of the genome is in the order
of N~10° bps and the diffusion controlled collision rate is in
the order of kyq~10%. Therefore we can conclude that
limpg, Frp oo =1 + O(10*)=1. However when the genome
size is much larger as in case of higher organisms we can
conclude that the Fano factor associated with the fluctuation in
the number of mMRNA molecules must be significantly deviating
from the Poisson limit.

6. Conclusions

Among the effects of noises at various levels of cellular
organization, the noise in the central process such as
transcription, replication and translation of the genomic DNA
is very important since it can directly affect the phenotypic and
behavioral aspects of an organism as well as the entire cellular
function. Here we show that the initiation of the transcription is
a stochastic event and the transcription rates are time dependent
random quantities. We derive the central measure properties, i.e.
mean and the variance, of the distribution of transcription rates.
Our results show that the Fano factor which is a measure of
deviation from the Poisson distribution associated with the
fluctuations in the number of mRNA molecules deviates from
unity due to the randomness in the transcription rates. However
when the RNA polymerase molecule searches for the promoter
sequences on the DNA lattice by random jumps, the Fano factor

approaches the Poisson limit as the jump size associated with
the RNA polymerase increases. Since the jump size
associated with dynamics of RNAP molecule is positively
correlated with the degree of super coiling of DNA we argue
that the super coiled or close-packed structure of DNA might
have evolved to keep the noises at the transcriptional level in
a minimum. Finally we also show that the Fano factors
associated with the fluctuations in the number of mRNA
molecules directly proportional to the genome size of the
organism under consideration.
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